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Thermodynamic properties of locally anisotropic (2 + 1)–black holes are studied by applying ge-
ometric methods. We consider a new class of black holes with a constant in time elliptical event
horizon which is imbedded in a generalized Finsler like spacetime geometry induced from Einstein
gravity. The corresponding thermodynamic systems are three dimensional with entropy S being
a hypersurface function on mass M, anisotropy angle θ and eccentricity of elliptic deformations ε.
Two–dimensional curved thermodynamic geometries for locally anistropic deformed black holes are
constructed after integration on anisotropic parameter θ. Two approaches, the first one based on
two–dimensional hypersurface parametric geometry and the second one developed in a Ruppeiner–
Mrugala–Janyszek fashion, are analyzed. The thermodynamic curvatures are computed and the
critical points of curvature vanishing are defined.
PACS numbers: 04.20Cv, 04.20Jb, 04.70Bw, 04.70Dy, 05.90.+m gr–qc/9905053
I. INTRODUCTION
This is the second paper in a series in which we examine
black holes for spacetimes with generic local anisotropy
(la). In the first paper (hereafter referred to as paper
I) we analyzed the low–dimensional locally anisotropic
gravity (in brief, we shall use terms like la–gravity, la–
spacetime, la–geometry, black la–holes and so on) and
constructed new classes of locally anisotropic 2+1–black
hole solutions [28].
In particular, it was shown following [25–27] how black
holes can recast in a new fashion in generalized Finsler–
Kaluza–Klein spaces and emphasized that such type so-
lutions can be considered in the framework of usual Ein-
stein gravity on anholonomic manifolds. We discussed
the physical properties of (2+1)–dimensional black holes
with la–matter, induced by a rotating null fluid and by
an inhomogeneous and non–static collapsing null fluid,
and examined the vacuum polarization of la–spacetime
by non–rotating black holes with ellipsoidal horizon and
by rotating black la–holes with time oscillation and ellip-
soidal horizons. We concluded that a general approach to
the black la–holes should be based on a kind of nonequi-
librium thermodynamics of such objects imbedded into
la–spacetime ether being a continuous with possible dis-
locations and declinations. Nevertheless, we proved that
for the simplest type of black la–holes theirs thermody-
namics could be defined in the neighborhoods of some
equilibrium states when the horizons are deformed but
constant with respect to a frame base locally adapted to
the nonlinear connection structure which model the local
anisotropy.
In this paper we will specialize to the geometric ther-
modynamics of, for simplicity non–rotating, black la–
holes with elliptical horizons. We follow the notations
and results from paper I (see also the Appendix) which
are reestablished in a manner compatible in the locally
isotropic thermodynamic [7] and spacetime [1] limits with
the Banados–Teitelboim–Zanelli (BTZ) black hole. We
defer the examination of higher dimension and string lo-
cally anisotropic black holes to a third paper (III) [27].
Here we also remark that a paper under preparation (IV)
[29] is devoted to the nonequilibrium thermodynamics of
black la–holes. This new approach (to black hole physics)
is possible for la–spacetimes and is based on classical re-
sults [11,16,17,23].
We emphasize a postulate which is assumed (in non–
explicit form) in general relativity: the locally anisot-
ropic distributed matter gives rise to a locally
isotropic geometry. This is contained in the structure
of Einstein equations for a metric gij(x
k) on a (pseudo)
Riemannian space:
Gij(x
k) ≃
the Einstein tensor for a locally isotropic spacetime
m
Tij(x
k, ya),
the energy–momentum tensor of anisotropic matter
where xi, i = 1, ..., n are coordinates on spacetime M
and ya, a = 1, 2, ...,m, are parameters (coordinates) of
anisotropies. So, the Einstein theory formulated in the
framework of (pseudo) Riemannian geometry has been
considered to be locally isotropic. Usually, anisotropies
are considered as induced by matter distributions, quan-
tum fluctuations during inflation and so on. It is ob-
vious that an energy–momentum tensor for a locally
anisotropic matter (depending on some anisotropy pa-
rameters) being proportional to the Einstein tensor must
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induce corresponding anisotropies of the metric if the the-
ory is required to be self–consistent. This topic of con-
struction of solutions of systems of Einstein–matter fields
equations with both dependencies on anisotropic param-
eters of metric and matter fields is usually omitted in
general relativity.
Metrics with local anisotropy (depending on tangent
vectors) of type
gij =
1
2
∂2F 2
(
xl, yk
)
∂yi∂yj
where
F
(
xl, λyk
)
= λF
(
xl, yk
)
,
λ is a real number, i.e the function F (xl, yk) is homo-
geneous on variables yk, were fist considered by Finsler
and usually they are associated to the so–called Finsler
geometry provided with nonlinear and linear connections
and metrics structures and respectively computed various
types of curvatures and torsions (see references [9] and on
further geometric generalizations and developments with
applications in physics one could consult [18,25–27,31]).
It was considered that such type geometries are less suit-
able for direct applications in physics because of substan-
tial problems with definition of conservation laws (with-
out local symmetries it was not clear in which manner one
could define, for instance, energy momentum type val-
ues), absence of well backgrounded physical arguments
and complexity of such type geometries.
Nevertheless, the very sceptic attitude was changed
after it was proved that Finsler like geometries and
their generalizations (the so called generalized Lagrange
spaces [18]), as well physical theories with generic lo-
cally anisotropic interactions and/or Kaluza–Klein mod-
els, can be modelled in a unified geometrical manner on
vector bundles provided with nonlinear connection struc-
tures (a subclass of anholonomic manifolds; as a general
introduction into the spacetime differential geometry we
cite [12] and on the geometry of nonlinear connections
one could consult references [18] and [25,26]).
The field equations of locally anisotropic gravity are of
type
Gαβ(x
i, ya) ≃ Tαβ(xi, ya)
where the Einstein tensor is defined on a bundle (gen-
eralized Finsler) space, xi are usual coordinates on the
base manifold and yb are coordinates on the fibers (pa-
rameters of anisotropy). We emphasize that in general
base and fiber spaces are of different dimensions, i.e.
dim{xi} 6= dim{yb}. As a matter of principle this is a
usual Einstein theory but on generic anholonomic man-
ifolds (vector bundles) with a locally adapted nonlinear
connection (equivalently, anisotropy) structure. Here we
also note that Finsler like metrics could be modelled in
the framework of (pseudo)Riemannian geometry (under
well defined conditions some Finsler metrics could be so-
lutions of canonical Einstein equations) if dynamical re-
ductions from higher dimensions to low dimensional ones
are considered.
Since the seminal works of Bekenstein [4], Bardeen,
Carter and Hawking [2] and Hawking [13], black holes
were shown to have properties very similar to those of
ordinary thermodynamics. One was treated the surface
gravity on the event horizon as the temperature of the
black hole and proved that a quarter of the event horizon
area corresponds to the entropy of black holes. At present
time it is widely believed that a black hole is a thermo-
dynamic system (in spite of the fact that one have been
developed a number of realizations of thermodynamics
involving radiation) and the problem of statistical inter-
pretation of the black hole entropy is one of the most
fascinating subjects of modern investigations in gravita-
tional and string theories.
In parallel to the ’thermodynamilazation’ of black hole
physics one have developed a new approach to the classi-
cal thermodynamics based of Riemannian geometry and
its generalizations (a review on this subject is contained
in Ref. [21]). Here is to be emphasized that geometrical
methods have always played an important role in ther-
modynamics (see, for instance, a work by Blaschke [5]
from 1923). Buchdahl used in 1966 a Euclidean metric
in thermodynamics [6] and then Weinhold considered a
sort of Riemannian metric [32]. It is considered that the
Weinhold’s metric has not physical meanining in the con-
text of purely equilibrium thermodynamics [20,21] and
Ruppeiner introduced a new metric (related via the tem-
perature T as the conformal factor with the Weinhold’s
metric).
The thermodynamical geometry was generalized in
various directions, for instance, by Janyszek and Mrugala
[14,15,19] even to discussions of applications of Finsler
geometry in thermodynamic fluctuation theory and for
nonequilibrium thermodynamics [23].
Our goal will be to provide a characterization of ther-
modynamics of 2+ 1–dimensional black la–holes with el-
liptical (constant in time) horizon obtained in [27]. From
one point of view we shall consider the thermodynamic
space of such objects (black la–holes in local equilib-
rium with la–spacetime ether) to depend on parameter
of anisotropy, the angle θ, and on deformation param-
eter, the eccentricity ε. From another point, after we
shall integrate the formulas on θ, the thermodynamic
geometry will be considered in a usual two–dimensional
Ruppeiner–Mrugala–Janyszek fashion. The main result
of this work are the computation of thermodynamic cur-
vatures and the proof that constant in time elliptic black
la–holes have critical points of vanishing of curvatures
(under both approaches to two–dimensional thermody-
namic geometry) for some values of eccentricity, i. e. for
under corresponding deformations of la–spacetimes.
The paper is organized as follows. In Sec. II, we
briefly review the geometry la–spacetimes provided with
nonlinear connection structure and present the 2 + 1–
2
dimensional constant in time elliptic black la–hole solu-
tion. In Sec. III, we state the thermodynamics of nearly
equilibrium stationary black la–holes and establish the
basic thermodynamic law and relations. In Sec. IV we
develop two approaches to the thermodynamic geome-
try of black la–holes, compute thermodynamic curvatures
and the equations for critical points of vanishing of cur-
vatures for some values of eccentricity. In Sec. V, we
draw a discussion and conclusions.
II. LOCALLY ANISOTROPIC SPACETIMES AND
BLACK HOLES
In this section we outline for further applications the
basic results on 2 + 1–dimensional la–spacetimes and
black la–hole solutions (see Refs. [27,28] and the geo-
metric background presented in Appendix; for (2 + 1)–
anisotropies all formula are considered for dimensions of
base spaces n = 3 and of fibers m = 1).
A. Nonlinear Connections in (2 + 1)–Dimensional
Spacetimes
A (2+1)–dimensional locally anisotropic spacetime is
defined as a generic anholonomic vector bundle with an
one dimensional fiber, parametrized by a coordinate y,
over a two dimensional base space, locally parametrized
by coordinates xi, i = 1, 2. We shall use also the next
denotations of coordinates u = (x, y) = {uα = (xi, y)}.
The local anisotropy (la) is modelled by the coefficients
of nonlinear connection (in brief, N–connection)
N = {Ni (x, y) = N bi
(
xj , y
)},
were, for simplicity, for N–connection components there
are omitted the one dimensional fiber indices. Nonlinear
connections generalize the concept of usual linear connec-
tions and can be treated as a field splitting the generic
anholonomic spacetime into irreducible horizontal (base)
and vertical (anisotropy) subspaces. The components of
N–connection could be considered as prescribed values
(functions) if some constraints on spacetime dynamics are
imposed, or as coefficients of a specific nonlinear gauge
field satisfying corresponding motion (field) equations.
On generic la–spacetimes one have to apply ’elongated’
by N–connections operators instead of usual local coor-
dinate basis ∂α = ∂/∂u
α and dα = duα, (see formulas
(A3) and (A4)):
δα = (δi, ∂(y)) =
δ
∂uα
(2.1)
=
(
δ
∂xi
=
∂
∂xi
−Ni
(
xj , y
) ∂
∂y
, ∂(y) =
∂
∂y
)
and their duals
δβ =
(
di, δ(y)
)
= δuβ (2.2)
=
(
di = dxi, δ(y) = δy = dy +Nk
(
xj , y
)
dxk
)
.
The locally adapted to the N–connection structure op-
erators of partial derivatives (2.1) and their duals, dif-
ferentials, (2.2) form generic anholonomic frames, or la–
bases. With respect to a fixed structure of la–bases and
their tensor products we can construct distinguished,
by N–connection, tensor algebras and various geomet-
ric objects (in brief, one writes d–tensors, d–metrics, d–
connections and so on).
A symmetrical la–metric, or d–metric, could be written
with respect to a la–basis (2.2) as
δs2 = gαβ (u
τ ) δuαδuβ (2.3)
= gij
(
xk, y
)
dxidxj + h
(
xk, y
)
(δy)2 .
Such metrics have been used in generalized Finsler and
Lagrange geometries [18] and for modelling Finsler–
Kaluza–Klein (super)gravities on (super)vector bundles
provided with N–connection structures [25–27].
B. Non–rotating black la–holes with ellipsoidal
horizon
Let us consider a la–spacetime provided with local co-
ordinates x1 = r, x2 = θ for the base subspace and when
as the anisotropic direction is chosen the time like coor-
dinate, y = t. We proved [28] that a d–metric of type
(2.3),
δs2 = g (r, θ) dr2 + r2dθ2 + h(r, θ)δt2, (2.4)
where
δt = dt+N1 (r, θ) dr +N2(r, θ)dθ,
satisfies the system of vacuum la–gravitational equations
in (2+1) dimensions if
h(r, θ) =
1
g (r, θ)
= − p
2
(1 + ε cos (θ − θ0))2
+
r2
r20
, (2.5)
where p, ε, θ0 and r0 are constants and the N–connection
has the coefficients
N1 = H
∂g
∂r
[
2r
∂g
∂r
+
(
∂g
∂θ
)2]−1
, (2.6)
N2 = H
∂g
∂θ
[
2r
∂g
∂r
+
(
∂g
∂θ
)2]−1
,
where
H
2
=
∂2g
∂θ2
− 1
2g
(
∂g
∂θ
)2
− r
g
∂g
∂r
.
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The time–time component h(r, θ) vanishes if
r2+ =
p2r20
(1 + ε cos (θ − θ0))2
(2.7)
which is the square of the parametric equation of a el-
lipse with parameter p and eccentricity ε and where the
angle θ0 gives the orientation of axes. If we impose the
condition that in the locally isotropic limit we shall have
the usual BTZ solution, we can express the constants p
and r0 via the standard mass and cosmological constant,
i. e. p2 = m0 and r
2
0 = −1/Λ. The eccentricity ε and
axes orientation θ0 are given by the initial conditions of
la–gravitational space polarization.
We are thus led to the result that a d–metric (2.4),
with coefficients (2.5) and for the N–connection (2.6), de-
scribes a locally anisotropic variant of the Schwarzschild
metric and has an ellipsoidal horizon.
III. ON THE THERMODYNAMICS OF
ELLIPTICAL BLACK LA–HOLES
In this paper we will be interested in thermodynamics
of black la–holes defined by a d–metric (2.4).
The coefficient before r20 in (2.7) can be treated as an
anisotropic mass
m (θ, ε) =
m0
2pi (1 + ε cos (θ − θ0))2
=
r2+
2pir20
(3.1)
which depends on coordinate θ and eccentricity ε and on
constants m0 and θ0. The coefficient 2pi was introduced
in order to have the limit
lim
ε→0
2
pi∫
0
m (θ, ε) dθ = m0. (3.2)
Throughout this paper, the units c = h¯ = kB = 1 will be
used, but we shall consider that for an la–renormalized
gravitational constant 8G
(a)
(gr) 6= 1, see [28].
The Hawking temperature T (θ, ε) of a black la–hole
is anisotropic and is computed by using the anisotropic
mass (3.1):
T (θ, ε) =
m (θ, ε)
2pir+ (θ, ε)
=
r+ (θ, ε)
4pi2r20
> 0. (3.3)
The two parametric analog of the Bekenstein–Hawking
entropy is to be defined as
S (θ, ε) = 4pir+ =
√
32pi3|r0|
√
m (θ, ε) (3.4)
The introduced thermodynamic quantities obey the
first law of thermodynamics (under the supposition that
the system is in local equilibrium under the variation of
parameters (θ, ε))
∆m (θ, ε) = T (θ, ε)∆S, (3.5)
where the variation of entropy is
∆S = 4pi∆r+ = 4pi
|r0|√
m (θ, ε)
(
∂m
∂θ
∆θ +
∂m
∂ε
∆ε
)
.
According to the formula C = (∂m/∂T ) we can compute
the heat capacity
C = 2pir+ (θ, ε) = 2pi |r0|
√
m (θ, ε).
Because of C > 0 always holds the temeperature is in-
creasing with the mass.
The formulas (3.1)-(3.5) can be integrated on angular
variable θ in order to obtain some thermodynamic rela-
tions for black la–holes with elliptic horizon depending
only on deformation parameter, the eccentricity ε.
For a elliptically deformed black la-hole with the outer
horizon r+ given by formula (3.4) the depending on ec-
centricity [28] Bekenstein–Hawking entropy is computed
as
S(a) (ε) =
L+
4G
(a)
(gr)
,
were
L+ (ε) = 4
pi/2∫
0
r+ (θ, ε) dθ
is the length of ellipse’s perimeter and G
(a)
(gr) is the three
dimensional gravitational coupling constant in la–media
(the index (a) points to la–renormalizations), and has the
value
S(a) (ε) =
2pr0
G
(a)
(gr)
√
1− ε2
arctg
√
1− ε
1 + ε
. (3.6)
If the eccentricity vanishes, ε = 0, we obtain the locally
isotropic formula with p being the radius of the hori-
zon circumference, but the constant G
(a)
(gr) could be la–
renormalized.
The total mass of black la–hole of eccentricity ε is
found by integrating (3.1) on angle θ :
m (ε) =
m0
(1− ε2)3/2
(3.7)
which satisfies the condition (3.2).
The integrated on angular variable θ temperature T (ε)
is to by defined by using T (θ, ε) from (3.3),
T (ε) = 4
pi/2∫
0
T (θ, ε) dθ =
2
√
m0
pi2|r0|
√
1− ε2 arctg
√
1− ε
1 + ε
.
(3.8)
Formulas (3.6)-(3.8) describes the thermodynamics of
ε–deformed black la–holes.
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Finally, in this section, we note that a black la–hole
with elliptic horizon is to be considered as a thermody-
namic subsystem placed into the la-ether bath of space-
time. To the la–ether one associates a continuous la–
medium assumed to be in local equilibrium. The black
la–hole subsystem is considered as a subsystem described
by thermodynamic variables which are continuous field
on variables (θ, ε) , or in the simplest case when one have
integrated on θ, on ε. It will be our first task to estab-
lish some parametric thermodynamic relations between
the mass m (θ, ε) (equivalently, the internal black la–hole
energy), temperature T (θ, ε) and entropy S (θ, ε) .
IV. THERMODYNAMIC METRICS AND
CURVATURES OF BLACK LA–HOLES
We emphasize in this paper two approaches to the
thermodynamic geometry of nearly equilibrium black la–
holes based on their thermodynamics. The first one is to
consider the thermodynamic space as depending locally
on two parameters θ and ε and to compute the corre-
sponding metric and curvature following standard formu-
las from curved bidimensional hypersurface Riemannian
geometry. The second possibility is to take as basic the
Ruppeiner metric in the thermodynamic space with co-
ordinates (M, ε), in a manner proposed in Ref. [7] with
that difference that as the extensive coordinate is taken
the black la–hole eccentricity ε (instead of the usual an-
gular momentum J for isotropic (2+ 1)–black holes). Of
course, in this case we shall background our thermody-
namic geometric constructions starting from the relations
(3.6)–(3.8).
A. The thermodynamic parametric geometry
Let us consider the thermodynamic parametric geome-
try of the elliptic (2+1)–dimensional black la–hole based
on its thermodynamics given by formulas (3.1)–(3.5).
Rewriting equations (3.5), we have
∆S = β (θ, ε)∆m (θ, ε) ,
where β (θ, ε) = 1/T (θ, ε) is the inverse to temperature
(3.3). This case is quite different from that from [7,10]
where there are considered, respectively, BTZ and dila-
ton black holes (by introducing Ruppeiner and Weinhold
thermodynamic metrics). Our thermodynamic space is
defined by a hypersurface given by parametric depen-
dencies of mass and entropy. Having chosen as basic the
relative entropy function,
ς =
S (θ, ε)
4pi
√
m0
=
1
1 + ε cos θ
,
in the vicinity of a point P = (0, 0), when, for simplicity,
θ0 = 0, our hypersurface is given locally by conditions
ς = ς (θ, ε)
and
grad|P ς = 0.
For the components of bidimensional metric on the hy-
persurface we have
g11 = 1 +
(
∂ς
∂θ
)2
, g12 =
(
∂ς
∂θ
)(
∂ς
∂ε
)
,
g22 = 1 +
(
∂ς
∂ς
)2
,
The nonvanishing component of curvature tensor in the
vicinity of the point P = (0, 0) is
R1212 =
∂2ς
∂θ2
∂2ζ
∂ε2
−
(
∂2ς
∂ε∂θ
)2
and the curvature scalar is
R = 2R1212. (4.1)
By straightforward calculations we can find the condi-
tion of vanishing of the curvature (4.1) when
ε± =
−1± (2 − cos2 θ)
cos θ (3− cos2 θ) . (4.2)
So, the parametric space is separated in subregions with
elliptic eccentricities 0 < ε± < 0 and θ satisfying condi-
tions (4.2).
Ruppeiner suggested that the curvature of thermody-
namic space is a measure of the smallest volume where
classical thermodynamic theory based on the assumption
of a uniform environment could conceivably work and
that near the critical point it is expected this volume to
be proportional to the scalar curvature [21]. There were
also proposed geometric equations relating the thermo-
dynamic curvature via inverse relations to free energy.
Our definition of thermodynamic metric and curvature
in parametric spaces differs from that of Ruppeiner or
Weinhold and it is obvious that relations of type (4.2)
(stating the conditions of vanishing of curvature) could
be related with some conditions for stability of ther-
modynamic space under variations of eccentricity ε and
anisotropy angle θ. This interpretation is very similar to
that proposed by Janyszek and Mrugala [14] and sup-
ports the viewpoint that the first law of thermodynamics
makes a statement about the first derivatives of the en-
tropy, the second law is for the second derivatives and
the curvature is a statement about the third derivatives.
This treatment holds good also for the parametric ther-
modynamic spaces for black la–holes.
B. Thermodynamic Metrics and Eccentricity of
Black La–Hole
A variant of thermodynamic geometry of black la–holes
could be backgrounded on integrated on anisotropy angle
5
θ formulas (3.6)-(3.8). The Ruppeiner metric of elliptic
black la–holes in coordinates (m, ε) is
ds2R = −
(
∂2S
∂m2
)
ε
dm2 −
(
∂2S
∂ε2
)
m
dε2. (4.3)
For our further analysis we shall use dimensionless val-
ues µ = m (ε) /m0 and ζ = S
(a)G
(a)
gr /2pr0 and con-
sider instead of (4.3) the thremodynamic diagonal met-
rics gij
(
a1, a2
)
= gij(µ, ε) with components
g11 = − ∂
2ζ
∂µ2
= −ζ,11 and g22 = −∂
2ζ
∂ε2
= −ζ,22, (4.4)
where by comas we have denoted partial derivatives.
The expressions (3.6) and (3.7) are correspondingly
rewritten as
ζ =
1√
1− ε2 arctg
√
1− ε
1 + ε
and
µ =
(
1− ε2)−3/2 .
By straightforward calculations we obtain
ζ,11 = −1
9
(
1− ε2)5/2 arctg√1− ε
1 + ε
+
1
9ε
(
1− ε2)3 + 1
18ε4
(
1− ε2)4
and
ζ,22 =
1 + 2ε2
(1− ε2)5/2
arctg
√
1− ε
1 + ε
− 3ε
(1− ε2)2 .
The thermodynamic curvature of metrics of type (4.4)
can be written in terms of second and third derivatives
[14] by using third and second order determinants:
R =
1
2
∣∣∣∣∣∣
−ζ,11 0 −ζ,22
−ζ,111 −ζ,112 0
−ζ,112 0 −ζ,222
∣∣∣∣∣∣×
∣∣∣∣ −ζ,11 00 −ζ,22
∣∣∣∣−2
= −1
2
(
1
ζ,11
)
,2
×
(
ζ,11
ζ,22
)
,2
. (4.5)
The conditions of vanishing of thermodynamic curvature
(4.5) are as follows
ζ,112 (ε1) = 0 (4.6)
or (
ζ,11
ζ,22
)
,2
(ε2) = 0 (4.7)
for some values of eccentricity, ε = ε1 or ε = ε2, satisfying
conditions 0 < ε1 < 1 and 0 < ε2 < 1. For small deforma-
tions of black la–holes, i.e. for small values of eccentric-
ity, we can approximate ε1 ≈ 1/
√
5.5 and ε2 ≈ 1/(18λ),
where λ is a constant for which ζ,11 = λζ,22 and the con-
dition 0 < ε2 < 1 is satisfied. We omit general formulas
for curvature (4.5) and conditions (4.6) and (4.7), when
the critical points ε1 and/or ε2 must be defined from
nonlinear equations containing arctg
√
1−ε
1+ε and powers
of
(
1− ε2) and ε.
V. DISCUSSION AND CONCLUSIONS
In closing, we would like to discuss the meaning of
geometric thermodynamics following from black locally
anisotropic (la) holes (in brief we shall use la–holes, la–
spacetime and so on).
(1) Nonequilibrium thermodynamics of black la–holes
in la–spacetimes. In this paper and in paper I [28] we con-
cluded that the thermodynamics of generic la–spacetimes
has a generic nonequilibrium character and could be de-
veloped in a geometric fashion following the approach
proposed by S. Sieniutycz, P. Salamon and R. S. Berry
[23,22]. This could form a new branch of black hole ther-
modynamics which should be based on previous studies
in nonequilibrium thermodynamics and kinetics, theirs
stochastic [30] and statistical background, and on ther-
modynamical hydrodynamics. All constructions will be
performed on generic anholonomic manifolds by mod-
elling la–spacetimes on vector bundles provided with non-
linear connection structure. This direction could be mo-
tivated after it was found that generalized and standard
Finsler like metrics could be considered in the framework
of Einstein gravity under corresponding parametrizations
of metrics and reductions from higher dimensions to low
dimensional ones.
(2) Black la–holes thermodynamics in vicinity of equi-
librium points. The usual thermodynamical approach in
the Bekenstein–Hawking manner is valid for black la–
holes for a subclass of such physical systems when the
hypothesis of local equilibrium is physically motivated
and corresponding renormalizations, by la–spacetime pa-
rameters, of thermodynamical values are defined.
(3) The geometric thermodynamics of black la–holes
with constant in time elliptic horizon was formulated fol-
lowing two approaches: for a parametric thermodynamic
space depending on anisotropy angle θ and eccentricity
ε and in a standard Ruppeiner–Mrugala–Janyszek fash-
ion, after integration on anisotropy θ but maintaining
la–spacetime deformations on ε.
(4) The thermodynamic curvatures of black la–holes
were shown to have critical values of eccentricity when
the scalar curvature vanishes. Such type of thermody-
namical systems are rather unusual and a corresponding
statistical model is not that for ordinary systems com-
posed by classical or quantum like gases.
(5) Thermodynamic systems with constraints requires
a new geometric structure in addition to the thermody-
namical metrics which is that of nonlinear connection.
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We note this object must be introduced both in space-
time geometry and in thermodynamic geometry if generic
anisotropies and constrained field and/or thermodynamic
behavior are analyzed.
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APPENDIX A: ANHOLONOMIC BUNDLES
AND LOCALLY ANISOTROPIC SPACES
We outline the geometry of anholonomic bundles and
of the N–connection structure for locally anisotropic
spaces [12] and [18,25,26].
1. Anholonomic manifolds and gravity
In this section all manifolds Ed(E) are assumed to be
smooth (i.e. C∞), of finite integer dimension d(E) ≥
3, 4, ..., Hausdorff, paracompact and connected; all maps
are smooth. We denote the local coordinates on Ed(E) by
variables uα, where Greek indices takes values α, β, ... =
1, 2, 3, 4, ... and could be both type coordinate or abstract
(Penrose’s) ones. A spacetime is modelled by a manifold
Ed(E) provided with corresponding geometric structures
(symmetric metric gαβ; linear, in general nonsymmet-
ric, connection Γαβγ defining the covariant derivation∇α;
nonmetricityQαβγ = ∇αgβγ which in this work is consid-
ered to be vanishing, i.e.Qαβγ ≡ 0) . If it would be neces-
sary to emphasize that some indices are abstract marks,
we shall underline them, i.e. we shall write α, β, ....
Frame basis vectors on Ed(E) , numbered by a index α
are denoted by eα with components e
α
α = gαβe
αβ , i.e.
eα = {eαα = gαβeαβ}, and they are subjected to relations
eααeβα = ηα,β, and e
α
αe
β
βηα,β = gαβ (A1)
where the Einstein summations rule is accepted, ηα,β is a
given constant symmetric matrix of signature (−,+....+)
(the sign minus is used in this work for the time coor-
dinate of spacetime). Operations with underlined and
non–underlined indices are correspondingly performed by
using the matrix ηα,β , its inverse η
αβ , and the metric gαβ
and its inverse gαβ . A frame basis structure on Ed(E) is
characterized by its anholonomy coefficients wαβγ defined
from relations
eαeβ − eβeα = wγαβeγ . (A2)
With respect to a fixed basis eα and its dual e
β onEd(E)
we can decompose tensors and define their components,
for instance,
T = T γαβ eγ ⊗ eα ⊗ eβ
where by ⊗ it is denoted the tensor product.
We can also consider local linear transforms of frames,
eα = a
α′
α eα′ , parametrized by nondegenerated linear
matrices a
α′
α and define the corresponding linear frame
bundle on Ed(E) , or introduce local affine transforms of
frames, eα = a
α′
α eα′ + qα, with additional affine shifts
given by qα and define the corresponding affine frame
bundle on Ed(E) .
Now we discuss the difference between the anholo-
nomic and holonomic manifolds. A spacetime Ed(E) is
holonomic (locally integrable) if it admits a frame
structure for which the anholonomy coefficients from
(A2) vanishes, i.e. wγαβ = 0. In this case we can in-
troduce local coordinate bases,
∂α = ∂/∂u
α (A3)
and their duals
dα = duα (A4)
and consider decompositions of geometrical objects with
respect to such frames. The general relativity theory was
formally defined for holonomic pseudo-Riemannian man-
ifold. For various purposes on holonomic spacetimes it is
convenient to use anholonomic frames eα satisfying con-
ditions (A2), but we emphasize that for such spaces we
can always define linear transforms of frames to a coordi-
nate basis of type (A3), eα = a
α′
α ∂α′ . By applying frames
and theirs transforms on holonomic pseudo-Riemannian
spaces there were developed the so-called tetradic and
spinor gravity and extensions to linear, affine and de Sit-
ter gauge group gravity models.
A spacetime Ed(E) is anholonomic (locally non-
integrable) if it does not admit a frame structure for
which the anholonomy coefficients from (A1) vanishes,
i.e. wγαβ 6= 0. In this case the anholonomy becomes a
generic spacetime characteristics. It induces nonvanish-
ing additional terms into the torsion, T (δγ , δβ) = T
α
βγδα,
and curvature, R (δτ , δγ) δβ = R
α
β γτδα, tensors of a lin-
ear connection Γαβγ , with coefficients defined respectively
as
Tαβγ = Γ
α
βγ − Γαγβ + wαβγ (A5)
and
R αβ γτ = δτΓ
α
βγ − δγΓαβδ + (A6)
ΓϕβγΓ
α
ϕτ − ΓϕβτΓαϕγ + Γαβϕwϕγτ .
The Ricci tensor is defined as
Rβγ = R
α
β γα (A7)
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and the scalar curvature is
R = gβγRβγ (A8)
The Einstein equations on a anholonomic spacetime
are introduced in a standard manner:
Rβγ − 1
2
gβγR = kΥβγ , (A9)
where the energy–momentum d–tensor Υβγ includes the
cosmological constant terms and possible contributions of
torsion (A5) and matter and k is the coupling constant.
For symmetric linear connection the torsion field can be
considered as induced by the anholonomy (or equiva-
lently, by imposed constraints). For dynamical torsions
there are necessary additional field equations, see, for in-
stance, the case of gauge like theories [31].
The usual locally isotropic Einstein gravity is obtained
under suppositions that we restrict our considerations
only for frame fields (for a four dimensional spacetime
having 16 components) which are locally isotropic and
are locally linearly equivalent to a coordinate vector ba-
sis and could generate via relations (A1) the pseudo–
Riemannian metric (having 10 components for a 4 di-
mensional spacetime).
A subclass of anholonomic spacetimes consists from
those with local anisotropy. It is a matter of further the-
oretical and experimental investigations in order to estab-
lish if the present day experimental data on anisotropic
structure of Universe is a consequence of matter and
quantum fluctuation induced anisotropies and for some
scales being a consequence of anholonomy of observator’s
frame, both cases being considered for a locally isotropic
spacetime background, or the spacetime anisotropy is a
generic property following, for instance, from string the-
ory, and from a more general self–consistent gravitational
theory when both the left (geometric) and right (matter
energy–momentum tensor) parts of Einstein equations
depends on anisotropic parameters.
2. The local anisotropy and nonlinear connection
In this subsection we briefly outline the geometry of
locally anisotropic spaces.
Roughly, a local anisotropy is introduced by calling
some spacetime directions (coordinates) to be anisot-
ropic. In this case the spacetime dimension is split lo-
cally into two components, n for isotropic coordinates
and m for anisotropic coordinates, when d(E) = n +m
with n ≥ 2 and m ≥ 1. We shall use local coordinates
uα = (xi, ya), where Greek indices α, β, ... take values
1, 2, ..., n+m and Latin indices i and a are correspond-
ingly n and m dimensional, i.e. i, j, k... = 1, 2, ..., n and
a, b, c, ... = 1, 2, ...,m.
There is necessary a correct geometric definition of de-
composition of spacetime into isotropic and anisotropic
components. For modelling of a locally anisotropic space-
time, in brief a la–space, we choose a vector bundle,
E = (En+m, p,Mn, Fm, Gr) provided with nonlinear
connection (in brief N–connection) structure N =
{Naj (uα)}, where Naj (uα) are its coefficients. We use de-
notations: En+m for the (n+m)–dimensional total space
of the vector bundle; Mn for the n–dimensional base
manifold; Fm for the typical fiber being a m–dimensional
real vector space; Gr is the group of automorphisms of
Fm and p is a surjective mapping. For simplicity we shall
consider only local constructions on vector bundles.
The N–connection is a new geometric object which gen-
eralize that of linear connection. This concept came from
Finsler geometry (see the Cartan’s monograph [8]), the
global formulation of it is due to W. Barthel [3], and it
is studied in details in Miron and Anastasiei works [18].
We have extended the geometric constructions for spinor
bundles and superbundles with further applications in
locally anisotropic field theory and strings .
The rigorous mathematical definition of N–connection
is based on the formalism of horizontal and vertical sub-
bundles and on exact sequences of vector bundles. Here,
for simplicity, we define a N–connection as a distribu-
tion which for every point u = (x, y) ∈ E defines a local
decomposition of the tangent space of our vector bun-
dle, TuE, into horizontal,HuE, and vertical (anisotropy),
VuE, directions, i.e.
TuE = HuE ⊕ VuE.
If a N–connection with coefficients Naj (u
α) is intro-
duced on the vector bundle E the modelled spacetime
posses a generic local anisotropy and in this case we can
not even apply in a usual manner the partial derivatives
and their duals, differentials. Instead of coordinate bases
(A3) and (A4) we must consider some bases adapted to
the N–connection structure:
δα = (δi, ∂a) =
δ
∂uα
(A10)
=
(
δi =
δ
∂xi
=
∂
∂xi
−N bi
(
xj , y
) ∂
∂yb
, ∂a =
∂
∂ya
)
and
δβ =
(
di, δa
)
= δuβ (A11)
=
(
di = dxi, δa = δya = dya +Nak
(
xj , yb
)
dxk
)
.
A nonlinear connection (N–connection) is character-
ized by its curvature
Ωaij =
∂Nai
∂xj
− ∂N
a
j
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (A12)
The elongation (by N–connection) of partial deriva-
tives, from (A10), called the adapted to the N–connection
partial derivatives, or the locally adapted basis (la–
basis) δβ , reflects the fact that the spacetime is locally
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anisotropic E and generically anholonomic because there
are satisfied anholonomy relations (A2),
δαδβ − δβδα = wγαβδγ ,
where anolonomy coefficients are as follows
wkij = 0, w
k
aj = 0, w
k
ia = 0, w
k
ab = 0, w
c
ab = 0,
waij = −Ωaij , wbaj = −∂aN bi , wbia = ∂aN bi .
On a la–space the geometrical objects have a distin-
guished (by N–connection), into horizontal and verti-
cal components, character. They are briefly called d–
tensors, d–metrics and/or d–connections. Their com-
ponents are defined with respect to a la–basis of type
(A10), it dual (A11), or their tensor products (d–linear
or d–affine transforms of such frames could also be con-
sidered). For instance a covariant and contravariant d–
tensor Z, is expressed as
Z = Zαβδα ⊗ δβ
= Zijδi ⊗ dj + Ziaδi ⊗ δa + Zbj∂b ⊗ dj + Zba∂b ⊗ δa.
A symmetric d–metric on la–space E is written as
δs2 = gαβ (u) δ
α ⊗ δβ (A13)
= gij(x, y)dx
idxj + hab(x, y)δy
aδyb.
A linear d–connection D on la–space E ,
Dδγδβ = Γ
α
βγ
(
xk, y
)
δα,
is parametrized by non–trivial h–v–components,
Γαβγ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
(A14)
Some d–connection and d–metric structures are compat-
ible if there are satisfied the conditions
Dαgβγ = 0.
For instance, a canonical compatible d–connection
cΓαβγ =
(
cLijk,
c Labk,
cCijc,
c Cabc
)
is defined by the coefficients of d–metric (A13), gij (x, y)
and hab (x, y) , and by the coefficients of N–connection,
cLijk =
1
2
gin (δkgnj + δjgnk − δngjk) ,
cLabk = ∂bN
a
k +
1
2
hac
(
δkhbc − hdc∂bNdi − hdb∂cNdi
)
,
cCijc =
1
2
gik∂cgjk,
cCabc =
1
2
had (∂chdb + ∂bhdc − ∂dhbc)
This d–connection generalizes for la–spaces the well
known Cristoffel symbols.
For a d–connection (A14) we can compute the compo-
nents of, in our case d–torsion, (A5):
T i.jk = T
i
jk = L
i
jk − Likj , T ija = Ci.ja, T iaj = −Cija,
T i.ja = 0, T
a
.bc = S
a
.bc = C
a
bc − Cacb,
T a.ij = −Ωaij , T a.bi = ∂bNai − La.bj, T a.ib = −T a.bi.
In a similar manner, putting non–vanishing coefficients
(A14) into the formula for curvature (A6), we can com-
pute the non–trivial components of d–curvature
R.ih.jk = δkL
i
.hj − δjLi.hk
+Lm.hjL
i
mk − Lm.hkLimj − Ci.haΩa.jk,
R.ab.jk = δkL
a
.bj − δjLa.bk
+Lc.bjL
a
.ck − Lc.bkLa.cj − Ca.bcΩc.jk,
P .ij.ka = ∂kL
i
.jk + C
i
.jbT
b
.ka
−(∂kCi.ja + Li.lkCl.ja − Ll.jkCi.la − Lc.akCi.jc),
P .cb.ka = ∂aL
c
.bk + C
c
.bdT
d
.ka
−(∂kCc.ba + Lc.dkCd.ba − Ld.bkCc.da − Ld.akCc.bd)
S.ij.bc = ∂cC
i
.jb − ∂bCi.jc + Ch.jbCi.hc − Ch.jcCihb,
S.ab.cd = ∂dC
a
.bc − ∂cCa.bd + Ce.bcCa.ed − Ce.bdCa.ec.
The components of the Ricci tensor tensor (A7)
Rαβ = R
.τ
α.βτ
with respect to locally adapted frames (A9) and (A10)
(in our case, d–tensor) are as follows:
Rij = R
.k
i.jk, Ria = −2Pia = −P .ki.ka, (A15)
Rai =
1Pai = P
.b
a.ib, Rab = S
.c
a.bc.
We point out that because, in general, 1Pai 6= 2Pia the
Ricci d-tensor is non symmetric.
Having defined a d-metric of type (A13) in E we can
introduce the scalar curvature (A8) of a d-connection D,
←−
R = GαβRαβ = R̂+ S, (A16)
where R̂ = gijRij and S = h
abSab.
Now, by introducing the values (A15) and (A16) into
anholonomic gravity field equations (A9) we can write
down the system of Einstein equations for la–gravity with
prescribed N–connection structure [18]:
Rij − 1
2
(
R̂+ S
)
gij = kΥij, (A17)
Sab − 1
2
(
R̂ + S
)
hab = kΥab,
1Pai = kΥai,
2Pia = −kΥia,
where Υij ,Υab,Υai and Υia are the components of the
energy–momentum d–tensor field.
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There are variants of la–gravitational field equations
derived in the low–energy limits of the theory of locally
anisotropic (super)strings [26] or in the framework of
gauge like la–gravity [31,27] when the N–connection and
torsions are dynamical fields.
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